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Introduction

ONGOING as well as new hypersonic flow programs continue
to challenge the aerospace engineer. These programs are often

of consuming difficulty, involving the synthesis of chemical kinet-
ics, quantum mechanics, and radiation physics with fluid dynam-
ics. To further complicate matters, the flowfield is often rarefied;
thus the Knudsen number requires independent consideration along
with the Mach and Reynolds numbers. Although these parameters
are related, different regions of the flow, such as the interior of
a bow shock, depend differently on them as compared with other
regions.

Because of its complexity, recent research has focused on the
modeling of more realistic, complex hypersonic flows with the in-
tensive use of computational fluid dynamics (CFD). Of necessity,
the large codes used in this effort must resort to various empiricisms
and approximations. Our objective in this Survey is to discuss some
of these empiricisms and approximations within the context of hy-
personic nonequilibrium flow. The issues and advances examined
are primarily chosen for their relevance to theoretical gasdynam-
ics; however, this Review makes no claim to being comprehensive.
The books by Anderson1 and Park2 provide background material
for the discussion of current issues, including lessons learned from
the design and operation of the Space Shuttle.

Our presentation is partly based on a previous report,3 some of
which was published elsewhere.4 An alternative discussion of some
of the same material can be found in an article by Tirsky5 whose
discussion is especially valuable for emphasizing hypersonic re-
search by Russian workers, with greater emphasis given to engi-
neering heat transfer predictions. Some of this work is not as well
known in the western community as it should be. The importance
of finite rate chemistry and the problem of fuel-air mixing to hyper-

sonic airbreathing propulsion cannot be overemphasized.6 These
topics, however, are omitted from our discussion in as much as
they fall under combustion gasdynamics and ought to be exam-
ined in this context.7'8 The treatise on hydrogen combustion pre-
sented in Ref. 8 should be of interest to scramjet propulsion re-
searchers. A broad perspective on hypersonic airbreathing vehicle
design may be found in a survey (to be three volumes) edited by
Bertin et al.9

In the next section, nonequilibrium aerothermodynamics is dis-
cussed. Much of this section is concerned with energy exchange
that involves the vibrational modes of diatomic molecules. The sub-
sequent section reviews the modeling of rarefied hypersonic flows
and their continuum extension. There is no shortage of approaches
that are available, as well as open issues. These approaches encom-
pass the direct simulation Monte Carlo (DSMC) method, Navier-
Stokes (NS) equations, Burnett, or augmented Burnett equations,
and the 13-moment equations. The review concludes with a few brief
remarks.

Nonequilibrium Aerothermodynamics
Current research developments in high-temperature flow physics

still do not possess a methodology base with unquestioned certainty.
A rational way to derive an equation set for a nonequilibrium flow is
to write the time rate of population change of atoms and molecules,
with a specific energy state /, as the difference between the sum
of rates of all collisional and radiative transitions that populate a
given state and the sum of rates that depopulate this state. Such a
system is commonly referred to as the master equations; they fur-
nish the source terms in the conservation equations for the species
population of state /, Af/. The transition/emission rate for each colli-
sional/radiative process is determined with the use of quantum me-
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chanics for the molecular, atomic, and electronic interactions and
with the detailed balance hypothesis.2'10 This hypothesis, it should
be noted, still requires rather bold assumptions regarding the inter-
action potentials and the collision mechanism, as discussed later.

Vibrational Relaxation/Excitation and Dissociation
At relatively low temperatures, vibrational excitation is consid-

ered the main channel of energy transmission to the upper levels.
This process thus controls the rate of dissociation. For the study of
vibrational nonequilibrium, radiative transitions are considered to
be much slower than those by collisions and are often deleted from
the master equations governing the vibrational transitions.2

In the theory for vibration-translation (V-T) energy exchange, the
rates of state-to-state transitions are furnished by modeling colli-
sional and excitation processes. These may lead to quite different
results depending on the form of the intermolecular and interatomic
potentials and other approximations that are used. Consider an end-
on collinear (aligned, one-dimensional) collision of a rotationless
harmonic-oscillator molecule, which has equal spacing between
neighboring levels, with an atom or a molecule that has a frozen vi-
brational energy, and assume an exponentially decaying interaction
potential as in the Landau-Teller1 1 theory. One finds that transitions
can occur only to neighboring states (v — > v ± 1) with a deactivat-
ing transition rate proportional to the vibrational quantum number
v. This leads to the familiar relaxation equation for the average
vibrational energy, namely,

ot

where e* denotes the average equilibrium vibrational energy at the
translational temperature T of the heat bath. The temperature and
pressure dependence of the vibrational relaxation time T for a num-
ber of air- species pairs are estimated and correlated with experi-
mental data at temperatures up to 5000 K by Millikan and White12

and others.2 Presumably, the V-T mechanism is appropriate when
most of the molecules are in the ground vibrational state and thus
involve little vibration- vibration (V-V) energy exchange.

When excited vibrational levels are populated, V-V energy ex-
change must be considered and is generally believed to be much
faster than that by V-T. In their analysis, Schwartz, et al.13 (SSH)
consider an end-on collinear collision model of a pair of diatomic
molecules, for which the vibrational energies in both can be altered,
again assuming no rotational energy exchange. A separable form
for the intermolecular potential

U oc exp[-a(r -

is used, where rA and rB are the internuclear separations for mole-
cules A and J5, respectively, and r is the distance between the
mass centers of the two molecules. According to the SSH analysis
for a harmonic oscillator, the contribution to the rate of transition
caused by vibrational energy exchange during a collision differs
substantially depending on whether the total internal energy change
A£ = (E'A + E'B) - (EA + EB) is (nearly) zero or not. The contri-
butions from resonant V-V collisions, corresponding to AE = 0,
are predominant and thus preferential.2 An equal energy level spac-
ing makes this type of exchange possible, although it is not strictly
applicable to a more realistic anharmonic oscillator. Nevertheless,
the V-V mechanism is expected to dominate among the lower vi-
brational levels where a nearly uniform spacing prevails.

With regard to anharmonicity, the study by Treanor et al.14 should
be recalled (also see the review by Rich and Treanor15). With V-V
exchange limited to v — > v db 1 , and assuming the V-T transitions
are generally much slower than V-V transitions, these authors ob-
tain a quasi-steady-state (QSS) solution to a V-V dominated master
equation

(1)

where NQ, y, and T may vary slowly with time at a rate comparable

to the V-T rate. This result can be recast into a form alluded to as a
"Treanor" distribution

Nv - Ev)/kT] (2)

For a harmonic oscillator, the distribution in Eq. (2) is Boltzmann at
a vibrational temperature Tv, but for an anharmonic oscillator, the
last factor furnishes a needed correction. For T < Tv, correspond-
ing to a sudden decrease of the translational temperature from an
equilibrium value, y is negative and Eq. (1) signifies an excess pop-
ulation, adding to the potential for a population inversion. In a low-
temperature range, their study14 indicates a relaxation time much
shorter than that for a harmonic oscillator. Calculations should be
performed with an extended anharmonic version of the SSH theory
that includes molecular rotation for the species: O2, NO, CO, OH,
H2, and N2. For an expanding flow, however, this has been carried out
by Park,16 Ruffin and Park,17 and de Roany et al.,18 confirming the
essence of the previous non-Boltzmann distribution. The V-V domi-
nance underlying Eqs. (1) and (2) may not hold at higher vibrational
levels, where a more drastic departure from a Maxwell-Boltzmann
distribution occurs, as discussed shortly.

The SSH analysis, when extended to models with anharmonic
oscillators and dissociation, yields quite different results, as may be
seen from the Sharma et al.19 study and as elucidated by Park.2 The
nonuniform vibrational energy spacings are calculated for several
intermolecular potential models, including the Sorbie-Sorret and
two-term Dunham potentials; multiquantum v -> v ± 2 transitions
are also considered. The overall transition rate coefficients, K (v, v+
1) and K(v, v + 2), as well as K(v, c), were computed up to the
vibrational level v = 50 for rotationless N2 at T = 8000 K and
Tv = 4000 K. Here, K(v, c) is the rate coefficient for the transition
from vibrational state v to a dissociated state, which is unaccounted
for in Treanor et al.14 The case considered, with T > Tv, corresponds
to a sudden heating of the gas, such as that occurring behind a
shock. Interestingly, the calculation indicates a vibrational excitation
"bottleneck" around v — 20, where K(v,v + l),as well as a second
moment of K(v, v') has an extremely low minimum (reproduced in
Figs. 2.10 and 3.3 of Ref. 2). With this set of K(v, v') and K(v, c),
the time-dependent master equation yields an evolutional solution
for Nv that is non-Boltzmann with three distinct v ranges. In this
case, the bottleneck inhibits the transfer of vibrational energy to
the upper states. For this non-Boltzmann result, Sharma et al.19

computed the rate of total vibrational population removal, i.e., the
forward dissociation rate kf, as well as the rate of total vibrational
energy loss, or the average removed vibrational energy.

With a non-Maxwellian vibrational distribution, the dissociation
rate coefficient kf of the diatomic species and the associated rate
of vibrational energy removal €v must be weighted by the appro-
priate nonequilibrium distribution. Average values may result that
differ considerably from conventional estimates (cf. pp. 104-115
of Ref. 2), thereby reflecting a vibrational temperature Tv that is
different from the translational temperature T. Hammerling et al.20

calculated kf(T, Tv) with vibrational nonequilibrium for the radi-
ation behind a shock in nitrogen. They stipulate that the low-lying
energy states can be described by a local Maxwellian with Tv ^ 7,
whereas a QSS approximation is used for the high-lying states.
This type of model is considered to be non-quasi-steady, the result
for kf(T, Tv) is called the coupled-vibration-dissociation (CVD)
model.

Under the QSS approximation with a rotationless harmonic os-
cillator model, which leads to a Maxwellian distribution, Treanor
and Marrone21 evaluated the rate of average energy loss to be one-
half of the dissociation energy, measured from the ground state, i.e.,
€„ = D/2. A subsequent non-Maxwellian distribution study22 sug-
gested that €v should be D/2 < €v < D. This is because bound-free
transitions more readily occur from the more densely populated
high-lying states of an anharmonic oscillator. This preference for
bound-free transitions from the higher states is referred to as pref-
erential dissociation.

Sharma et al.,19 however, concluded that €v is less than D/2 for
an anharmonic oscillator, i.e., €v = 0.3D. (We further comment on
this shortly.) Despite these disparate ev estimates, the removal upon
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dissociation of vibrational energy is large compared with the average
vibrational energy itself, which generally is much less than D.

As pointed out by Gonzales and Varghese,23 these extended SSH
results are affected by uncertainties related to a number of assump-
tions made by Sharma et al.,19 where corrections for several er-
rors and three-dimensional effects in the original SSH analysis24'25

are not included. Another issue is the distorted wave approxima-
tion implicit in the SSH theory, which may not be appropriate
for transitions involving large relative velocities and multiquantum
transitions.10 A more recent study by Landrum and Candler26 on
vibration-dissociation coupling in N2 used a corrected and updated
version of the SSH theory, including contributions from collinear
collisions of diatomics and atoms. The important range parameter a
of the intermolecular potential, however, appears to be improperly
determined with the Murrell and Sorbie potential, which, according
to Gonzales and Varghese,23 is appropriate only for the field be-
tween bound atoms. Thus, a demonstration of the existence of the
bottleneck has not been established. It should be pointed out that a
DSMC calculation by Olynick et al.,27 using inelastic cross-section
data corresponding to the rates used in Sharma et al.,19 gives no sign
of a bottleneck.

The master equations for the vibrational state population distri-
bution that also allows transitions to the unbound (dissociated) state
may be approximated by an integral equation. With appropriate
assumptions, the latter may in turn be reduced to a diffusion-like
equation,28 which is discussed here for its theoretical importance in
the interpretation of computational and experimental results. If the
vibrational energy gap E(v + 1) — E(v) is small compared with kT,
the master equation for diatomic molecules may be expressed in an
integral equation form (we mostly use Park's4 notation)

K ( v t v ' ) [ p ( v ' ) - p ( v ) ] d v '

(v, c)[pApB (3)

where v and v' are the vibrational level numbers; Nx is the number
density of the colliding partner; p is the number density of the v
level normalized by its equilibrium value, i.e., p = NV/N*\ pA and
pB are the normalized number densities of the (free) atoms A and
B; and vm is the maximum v value. Two additional requirements are
needed in the diffusion theory. They amount to 1) the rate K(v, v')
is large only in the vicinity of i/ = i>, and 2) K(v, c) is appreciable
only for upper states near the dissociation limit. Note that a typical
midlevel vibrational energy is on the order of the dissociation energy
D and that in most cases of interest kT <£ D. This, together with
the assumption required for the integral form of the master equation,
means

A£ = E(v + 1) - E(v) « kT « D (4)

Since the kernel K(v, v') is sharply peaked under assumption 1,
Eq. (3) simplifies to

3 3 f 3 1AT1 —p(v) = — M — p ( v ) + K(v, c)[pApB - p(v)]
ot ov L ov J

where M is a transition moment
3

M(v)= I K(v,
o

•0

If high-lying v states with energy E(v) close to the dissociation
limit are excluded, then a diffusion equation follows,

(5)

by virtue of Eq. (4) and assumption (2). The boundary condition at
v = 0 is dp/dv = 0, since no molecules can cross this boundary.
The upper boundary condition at v = vm is furnished by Keck and
Carrier28 as

dp
M — =

dv
r-P)

Jo
K(v,

An ambiguity appears, since the right side of this relation is seen
to be the net formation rate of molecules from atoms. A more in-
depth discussion on the boundary conditions is given in Park.16

Equation (5) shows that a vanishingly small diffusion coefficient M
at a middle level would inhibit the upward population migration to
the dissociation level and would signify the bottleneck noted earlier.
The M(v) in the example of sudden heating of N2 in the study by
Sharma et al.19 did reveal an extremely low minimum, as mentioned.
This latter result would have had a theoretical impact if not for the
uncertainties brought out earlier.

An interesting application of diffusion theory has been made by
Lee,29 who considers a model of energy exchange of vibrational
oscillators with an electron heat bath in the absence of dissociation.
This model has been considered important in the study of a highly
ionized re-entry flow.30 Reasonable agreement is demonstrated be-
tween the diffusion model and the original discrete master equations
in the sudden-heating case. Non-Boltzmann distributions are shown
at an early stage of the transient, but a bottleneck in K(v, v') is not
evident.

Transition rate calculations can be improved by using an exten-
sion of the semiclassical N state method31 in which the dynamics
of the colliding pair are modeled classically, whereas the oscillator
motion is modeled quantum mechanically. The task is computa-
tionally intensive; only a few of the many needed state-to-state V-V
transition rates have been calculated by Gonzales and Varghese.23'32

Another semiclassical approach is being developed by Kunc,33

who treats V-T exchange for diatomic species based on a multi-
center potential model developed earlier.34 The treatment includes
a quantum mechanical interaction of vibration and rotation. Sam-
ple rotational transition probabilities PJJ-I have been computed
for j = 1,4, and 20 of N2 and O2. Comparison with the collision
numbers for the v = 1 -* 0 transition, Z10, inferred from existing
experimental data (after adjusting a constant g in the theory), shows
encouraging agreement in the temperature range of 1000-6000 K.
Comparisons of this approach with experiment and with other theo-
ries for transition rates at the higher vibrational levels remain to be
made. It is also unclear if V-V exchange, not considered in Ref. 33,
may also be described adequately by a multicenter model.

The relative importance of the V-T and V-V mechanisms is elu-
cidated by Rich and Macheret.35 They discuss recent experimental
and theoretical developments in electric discharges, in expanding
flows, gasdynamic flows with shock waves, and in optically pumped
cells. The vibrational energy levels of the anharmonic vibrator are
modeled as

(6)

where Te is the electronic energy, CD is the fundamental vibra-
tional frequency, and / provides an anharmonicity correction. With
Eq. (6), the QSS solution of the master equations is obtained af-
ter omitting contributions from exchanges with other electronic
states, spontaneous radiative processes, chemical reactions, reso-
nance laser radiation, and other sources of vibrational pumping. The
solution recovers the Treanor distribution, Eq. (2), which is main-
tained by the dominant V-V process. The distribution, however, has
a minimum at a v = VQ value, beyond which the V-T contribution
becomes equally important. For v > VQ, Gordiets and Mamedov36

provide an expression that complements Eq. (2). From gases such
as N2 and CO, it predicts a gently falling "plateau" region, e.g.,
^ -(u + l)-1.

A similar analysis of the V-V, V-T kinetic rate models was inde-
pendently presented by Lam.37 Under strongly pumped QSS con-
ditions, three v ranges are identified: 1) Treanor (0 < v < u*), 2)
plateau (v* < v < v**), and 3) quasi-Boltzmann (v** < v). The
transition values v* and u** can be analytically described. Compari-
son of this asymptotic theory with a numerical solution to the master
equation for a 1: 9 CO-He mixture at 100 K is encouraging. The
measured nonequilibrium vibrational state populations for N2, NO,
and CO, using different excitation techniques, are shown in Fig. 1.
These results are strikingly similar to the foregoing description.

The analyses of Refs. 14,36, and 37 are limited to an anharmonic
model, such as Eq. (6), and are not appropriate for the levels near
the dissociation limit. For nonequilibrium dissociation, Macheret



388 CHENG AND EMANUEL: HYPERSONIC NONEQUILIBRIUM FLOW

5 10 15 20 25 30 35 40 45
Vibrational Quantum Number, v

Fig. 1 Measured nonequilibrium vibrational state populations in di-
atomic gases (from Rich and Macheret35). The N2 data are from pulsed
electric discharge excitation, the NO data from direct current electric
discharge excitation, and the CO data from excitation by a CO infrared
laser.

and Rich38 provide a physical model that is claimed to be nonem-
pirical. The theory yields an analytical formula for the rate coeffi-
cient kf(T, Tv) for the X2 + M -> 2X + M dissociation process.
For N2-N2 collisions, it differs significantly from the corresponding
coefficients from Park16 and from the Treanor-Marrone21'22 CVD
model in the 1000-7000 K Tv range at T = 10,000 K.

Electronic Excitation and Ionization
Several available computer codes for predicting radiation inten-

sities from flows in thermochemical nonequilibrium, such as the
nonequilibrium radiation program (NEQRAP) and the nonequilib-
rium air radiation (NEQAIR) codes, are based on the QSS model
of the master equation for atomic electronic states, which deter-
mines the Ni in terms of a free-electron temperature Te and the
electron number density Ne. The latter is determined separately by
a rate equation. In NEQAIR, it is assumed that the system can be
characterized by three temperatures: Te, Tv, and T. The vibrational
temperature Tv is shared by all molecules, and the translational tem-
perature T is shared by all heavy particles. These models utilize an
atom or molecule ionization potential that represents the energy
difference between the ionized state and the electronically excited
states.39 Moreover, behind a strong shock or during recombination
in a rapid expansion,40 the electronic states have a non-Boltzmann
distribution. The kinetic rates may be coupled to those for the other
processes. For instance, Gaily and Carlson41 obtain reverse rates
from equilibrium constants based on species partition functions. In
turn, the partition functions are calculated using the T, Tv, and Te
temperatures.

Much of the radiative heat transfer modeling has been to replicate
the flight integrated re-entry environment (FIRE II) experiment. In a
recent study, Greendyke and Hartung39 found that all versions of the
radiative heat transfer calculation method, both coupled or uncou-
pled, overestimate the radiative intensity at the most nonequilibrium
condition by more than 100%. The same codes tend to underestimate
the radiative intensity at equilibrium conditions. The more accurate
methods couple the radiation model to the chemical and fluid me-
chanic models. Although coupled and uncoupled profiles are similar,
coupling reduces the temperatures in the shock layer through radia-
tive cooling and results in a reduced radiative heat transfer. In some
cases, this reduced heat transfer is approximately 20% below the
experimental values. Radiative heat transfer is further discussed in
a subsequent section.

Applications and Assessment
Studies of the vibrational transition model have led to an ap-

preciation of the multiple-temperature concept in nonequilibrium
aerothermodynamics. These improvements in concept take the
form of allowing several independent temperatures, namely, the
translational-rotational temperature T shared among heavy parti-
cles, the vibrational temperature Tv shared by all molecules, and (de-

pending on the requirement) the electron-electronic temperature Te.
These temperatures appear in the empirical rate formulas and reflect
on the impact of 7\ TV9 and/or Te as suggested by the model studies.
The rate of vibrational energy change due to collisions may be evalu-
ated as a sum contributed to by three sources: 1) the Landau-Teller6

form for V-T and V-V transitions modified by a factor depending on
Tv and T, 2) vibrational excitation contributed by electronic impact
(significant for N2), and 3) vibrational energy removal/addition due
to dissociation/recombination, with an average energy per molecule
€v based on some dissociation model. This sum enters as a source
term in the partial differential conservation equation governing Ev.
Similarly, the rate of the electronic energy change Ee is contributed
to by seven kinetic processes that result from electronic excitation,
ionization, ionic recombination, radiation, etc. This rate enters as a
source term in the conservation equation for Ee.

Empiricism is found in the attempt to modify the pre-exponential
temperature dependence in the forward reaction rate kf by replacing
T with the product of an average4

T —•*-a — • (7)

where q varies between 0 and 0.5 in practice. The lack of adequate
experimental data to determine the constants and exponents of the
rates represents a considerable uncertainty. In this regard, Tirsky et
al.42 have computed the heat flux along the Buran spacecraft re-entry
trajectory using six different sets of kinetic rates, including those
discussed here. Although these rates significantly differ from each
other, the heat flux variation is only 30%. Thus, the engineering
value of complicated kinetic models with adjustable parameters is
also uncertain. The tendency for ever more complicated models, of
course, is fueled by our steadily increasing computational capability.

Another area of ambiguity concerns transport properties of the
gas mixture and its simplification,43'44 which has not been critically
tested or evaluated in the elevated temperature range of interest.
The need for scrutiny is apparent by the example of iodine vapor
considered by Kang and Kunc45 and Kunc.46 According to their
model, the viscosity //, of dissociating iodine in the range from 103

to 2 x 103 K should yield a negative slope, i.e., d^/dT is negative.
This would be significant for flow stability studies. Similar proper-
ties could occur for other dissociating or ionizing species. We note
that the semi-analytic formula for IJL in Ref. 46 is rather explicit and
hence useful, but that experimental evidence is needed to substanti-
ate this intriguing theoretical finding. It would be of interest to see if
this slope reversal also occurs in the heat conduction and diffusion
coefficients.

Gupta47 studied the thermochemical and radiative properties of
the shock layer for the FIRE II experiment carried out during a
Space Shuttle flight.48 Solutions are obtained with the NS equations
and nonequilibrium chemistry and also for the viscous shock-layer
(VSL) equations but with equilibrium chemistry. Except at altitudes
higher than 80 km, the FIRE II data of radiative intensity and heat
flux agree reasonably well with equilibrium VSL solutions for a fully
catalytic surface as well as the inviscid shock-layer and boundary-
layer analyses of Sutton.49 In a code-calibration study, Gnoffo50

applied the Langley aerothermodynamic upwind relaxational algo-
rithm (LAURA) code using Park's 11-species model2 with q = \
to predict the convective heat transfer rate of the FIRE II test during
the early test period (corresponding to 11.3 km/s at an altitude of
85-67 km). Good agreement with flight test data is found, although
the heating rates in this range are too small, compared with those at
lower altitudes, to be of significance.

In a proposed aeroassist flight experiment (AFE), Hamilton et
al.51 predicted the stagnation point heating history of a fully cat-
alytic heat shield with a 2.2-m nose radius using an 11-species
nonequilibrium air chemistry model and the VSL approximation.
Peak convective heating in this case occurs at 78-km altitude at a
speed of 9.2 km/s. The predicted value reaches 0.5 MW/m2, which
is believed to be the limit for the reusable tiles on the Space Shuttle.
However, this VSL analysis ignores the shock-slip correction, which
would result in a 50% reduction of the peak value, as discussed in
the next section.

Radiative heating dominates the surface heat flux at apprecia-
bly higher re-entry velocities and at lower altitudes and on a larger
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body, such as during an aerobraking return from a Mars mission.
In this case, a coupled radiation and ablation injection model of the
nonequilibrium viscous shock layer is used in a re-entry heating
study by Gupta et al.52 assuming a speed of 16-8 km/s, an altitude
of 80-65 km, and a nose radius of 3 m. The study extended an
earlier work of Moss53 and assessed the impact of using different
transport and thermodynamic properties, and also different radia-
tion models and, interestingly, showed the adequacy of a universal
Lewis number of 1.40. Over the speed range of 16-12 km/s, the
wall-heating rate is found to vary from 2.5 to 11 MW/m2 with ra-
diation contributing 40-70%; the effectiveness of ablative injection
of a carbon-phenolic compound is unclear from the study. Entry
into a Martian atmosphere represents a different aerothermal envi-
ronment, where CO2 (97%) and N2 (3%) are the main constituents.
Estimates for entry vehicles with nose radii varying from 1 to 23 m
indicate the need for considering a speed range of 6-12 km/s at
altitudes of 30-50 km. Candler54 and Park et al.55 have studied
the nonequilibrium nature of this problem. Candler's NS calcula-
tions, based on an eight-species chemistry model without ioniza-
tion, reveal near thermochemical equilibrium in most parts of the
shock layer, attributed to fast CO2 vibrational relaxation. Apply-
ing a computationally more efficient VSL analysis to this problem,
Gupta et al.56 assume full thermochemical equilibrium but allow
coupling of the shock-layer thermodynamics to radiative cooling.
Their results in the lower speed range (6-6.5 km/s) support Can-
dler's observation on chemical equilibrium. Convective heat transfer
at an 8-km/s speed contributes 60% of the total heat flux for the 1-
m nose radius and 23% for the 23-m nose radius; at 12 km/s it
amounts to only 40% for the 1-m nose and 2.4% for the 23-m nose
radius.

A series of instrumented probes, called the radio attenuation mea-
surement C (RAMC) experiment, have flown at 7.65 km/s and at
altitudes of 71-81 km to measure the electron number density around
a sphere cone with a 0.152-m nose radius.57 Gnoffo50 compared his
LAURA calculations of the electron number density profile using
two sets of chemical kinetic rates with data measured by a Langmuir
probe rake. Only qualitative agreement is achieved, e.g., see, Fig.
13 in Ref. 50. An earlier VSL calculation by Kang et al.58 showed
better agreement with the measured data. The discrepancy is be-
lieved to have resulted from the assumption in LAURA of a fully
catalytic surface, which perhaps is inappropriate for a Teflon-coated
afterbody.

The electron number density in a shock layer caused by ther-
mal ionization can be determined with the quasineutral approxima-
tion and a related ambipolar-diffusion model.2'59'60 In passing, we
note that Ref. 60 provides a helpful introduction to the fundamen-
tals of high-temperature flowfield analysis, including radiation, of
hypervelocity atmospheric flight. Recently, Qu et al.61 examined the
effect of several versions of this model for flow along the stagna-
tion streamline with a freestream speed of 7.6 km/s in a standard
atmosphere for Reynolds numbers of 8 x 102 and 4 x 103. The air
model consisted of seven species (N2, O2, N, O, NO, NO+, and e~).
In the NO+ and e~ conservation equations, the net fluxes of electric
charges are set equal to zero. Although these approximations break
down within a Debye shielding distance from the wall, the calcula-
tion reveals a large reduction in the electron density of more than
1000 relative to a purely quasineutral calculation.

Candler and MacCormack62 assumed a noncatalytic wall in a NS
calculation for the RAMC tests and found reasonable agreement for
the electron number density with the microwave-reflectometer data
measured along the cone's afterbody (cf. Figs. 2-b therein). Two
sets of chemical kinetic models were tested: one consisted of five
species, N2, O2, NO, N, and O; the other consisted of two more
species, NO+ and e~. The electron density in the five-species set is
generated by a special quasisteady approximation that proves to be
inadequate. The treatment of nonequilibrium flow models are similar
to those of Lee30 and Park.2 The program allows distinct vibrational
temperatures for different molecular species, which turned out to be
close to one another, thus supporting Park's idea of a common Tv
shared by all molecules.

With a two-temperature version of the LAURA code, Greendyke
et al.63 carried out a parametric study of the unknown procedure

constants/exponents in the nonequilibrium thermochemical models
and their impact on the electron number density prediction for the
AFE experiment. Variations are considered in the reference ioniza-
tion potential of N and a selection of rate constants from among
Dunn and Kang,64 Park,2'65 and their updates, including the op-
tions of using the Ref. 52 equilibrium constants and also imposing
limiting cross sections for vibrational excitation. A value for the ex-
ponent q in Eq. (7) proposed by Hansen,66 q — 0.1 + 0.4(7; / 71), is
also considered; in this case it appears to yield only minor changes.
The calculations made for an AFE model (2.16-m nose radius at
an altitude of 78-81 km with a speed of 9.7-8.9 km/s) reveal a
significant variation in the rate of electron impact ionization with
a correspondingly large difference in the location and magnitude
of the peak electron density. The severity of an electron avalanche
associated with changes in these models is noted.

Hartung et al.67 performed an extensive parametric study using the
two-temperature version of the LAURA code. They studied radiative
emission profiles and radiation spectra in the stagnation region for
conditions corresponding to a FIRE II flight experiment (altitude of
76-85 km, speed of 11.4 km/s, nose radius of 0.75 m). The radiation
model is the Langley optimized radiative nonequilibrium (LORAN)
code, which yields results that differ little from Park's NEQAIR
results.2 A sensitivity study again includes the choice of the exponent
q for the dissociation rate and of a limiting vibrational relaxation
cross section, both of which are shown to be critical. Mitcheltree68

examined LAURA solutions for the translational and vibrational
temperatures, electron number density, O2 concentration, as well as
convective and radiative surface heating rates. The flow condition in
the study corresponds to an aerobrake with a 1-m nose radius at 12
km/s and an 80-km altitude. Rate parameters variations are seen to
have an effect, as large as a factor of 3, on the degree of ionization
and radiative heating. The results based on Park's2'65 rate sets are
seen to be little affected by using the Gupta et al.52 equilibrium
constants; Hansen's model66 for q appears to give results virtually
identical to that for q = 0.

Hartung69 pointed out that the procedure in Park's NEQAIR code
may lead to a negative excitation temperature for a bound-free tran-
sition, which is avoided in LORAN. Her comparison of the predicted
emission spectrum in the visible range from LORAN with an AVCO
shock tube experiment70 at the condition corresponding to the peak
radiation point does not appear to be as good as expected, thus re-
quiring further study. On the other hand, there is better agreement
of the NEQAIR prediction with the AVCO emission measurement
found earlier by Park65 both in the equilibrium and nonequilibrium
regions (see also Fig. 8.24 in Ref. 2). The comparison is reproduced
in Fig. 2, where the dashed curves are results from DSMC models,
which are discussed in the next section.

Modeling of Rarefied Flows and Their
Continuum Extension

Because of space limitations, the following discussion focuses
on the continuum extension for hypersonic flows and aspects of
the DSMC as a predictive tool. Broader perspectives on rarefied
gasdynamics (RGD) are offered in earlier volumes of the Annual
Review of Fluid Mechanics.71~74 More recent works and reviews
can be found in the 1989 and 1992 RGD proceedings. A review of
numerical simulation of rarefied hypersonic flows by DSMC calcu-
lations and a comparison with Shuttle re-entry data were presented
by Lin et al.75

DSMC as a Predictive Tool
The basic ideas of the DSMC method and numerical procedures

are described in the Bird monograph,76 and are further elucidated
in several reviews.73-77"79 Although the statistical errors present in
a solution are expected to be inversely proportional to the square
root of the total number of simulated particles, A f ~ 2 , an essential
feature of the DSMC procedure is that the computational work is
proportional to only the first power of N. The computer resource
for a two-dimensional analysis is generally manageable in many
institutes and universities but is still much larger than that required
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Fig. 2 Comparison of calculated and measured spectra for air behind
a normal shock (from Park49), where the shock speed is 10 km/s and
the upstream pressure is 0.10 Torr: a) the near equilibrium region well
downstream of the shock and b) the nonequilibrium region just down-
stream of the shock. Emission spectra based on Bird V2 DSMC-VHS
model are shown as dashes.

for a NS calculation. Variants of this method have been developed
for improved computational performance with vector and parallel-
processing computer architectures.80"84

A novel feature that greatly increases the computing speed of a
DSMC program is the variable-hard-sphere (VHS) model, which
treats the interaction of the molecules as a collision between two
rigid spheres. This allows the postcollision relative velocity to be
sampled from a uniform distribution in solid angle, whereas the
sphere radius is allowed to vary with the relative speed cr, which may
preserve the correct viscosity-temperature relation under transla-
tional equilibrium. Hence, the cross section is proportional to c~2co',
where co' = a> — 0.5, and the viscosity is proportional to TM.

An extension to molecules with rotational and vibrational excita-
tion is made with the Borgnakke-Larsen85 (BL) phenomenological
model, in which a fraction of a collision is assumed elastic and the
remainder inelastic. New values of the internal and translational en-
ergies are then sampled from an equilibrium distribution to be taken
as the postcollision particle properties pertaining to the inelastic
fraction. The characteristic collision number Z for internal energy
relaxation is roughly taken as the reciprocal of the inelastic-collision
fraction and may be chosen to match a relaxation time estimate from
experiment. The collision number Z is commonly taken to be 5 for
rotation and 50 for vibration. In the DSMC calculation for a shock
front, Olynick et al.86 took into account the temperature and pres-
sure dependence of the relaxation collision number in accordance
with rates used in the continuum model. Additionally, Boyd87 de-
rived a velocity-dependent collision number, which gives results in

0.8
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Fig. 3 Predicted and experimental velocity distributions (from Phan-
Van-Diep et al.m): a) h = 0.285 and b) n = 0.565. Experimental data are
represented by the symbols, whereas DSMC/y and/j_ are the solid and
dashed curves, respectively.

accordance with those of Parker.88 In Ref. 82, Boyd bypasses the
BL model with a vibrational relaxation model for VHS application
by modifying the Landau-Teller6 theory. This approach succeeds in
determining vibrational cross sections for (one-step) activation and
deactivation that turns out to be independent of the intermolecular
collision model. The model compares well with one available ex-
periment and represents a more detailed predicting method than the
BL model. An alternative modification of the BL model was offered
by Chung et al.89 for a gas mixture that assumes a combination rule
for the effective collision cross sections.

A form of the collision theory of chemical physics that is con-
sistent with the VHS model is used to convert the temperature-
dependent rate constants to collision energy dependent reaction
cross sections.62"64 Ambiguity in modeling a three-body collision
arises. The latter, however, may not be of great concern for DSMC
applications, since the binary-scaling law prevails in many cases for
nonequilibrium flows of interest.90"92 A BL-type equilibrium distri-
bution for the reaction products is assumed; whether the model may
allow a vibrational-temperature dependence for the reaction rate is
unclear.

A similar idea can be adopted in an extension of the DSMC to
nonequilibrium flows with radiation. Apart from issues concerning
the BL model, the task of tracking the large number of electronic
states and of adjusting the constants for each rate to match data
from available experiments and other continuum-based rate sets
would appear to be insurmountable. Nevertheless, this task was ac-
complished and is documented in detail.92'93 As validation, Bird92

compares the spectral distribution of emitted radiation determined
by an 11-species air chemistry calculation for the AVCO experiment
shown as Fig. 2. The thick dashes represent his results and appear to
successfully capture the trends, even in the nonequilibrium flow re-
gion. Inasmuch as the number of adjustable constants in the program
is huge, an extensive sensitivity study should be in order. Such an
investigation is performed in part in Carlson and Hassan's94 study,
where a scheme is introduced to determine the relaxation collision
number Ze for electronic-state excitation, which may reduce the
degree of empiricism in the DSMC radiation model.

Bird's DSMC radiation model is applied by Moss et al.93 to predict
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the history of radiative and convective heating for an AFE vehicle,
which was investigated earlier by Hamilton et al.51 using various
versions of continuum models. Flight conditions correspond to an
altitude of 78-90 km and a speed of 7.6-9.9 km/s, for which radiative
heating is found to be negligible compared with convective heating.
It becomes noticeable but still small during the peak heating period,
where the stagnation convective and radiative heat fluxes are 0.19-
0.21 MW/m2 and 0.03-0.04 WM/m2, respectively. These values are
lower than a corresponding continuum VSL prediction by a factor of
0.40. The discrepancy is believed to have resulted from the omission
of "shock slip" in the VSL method, as discussed later.

A number of comparisons of DSMC calculations with experi-
ment can be found in the 1990 ROD proceedings. Aside from these,
there are several notable examples of comparisons from more recent
studies, to be described in the following four paragraphs.

The steady expansion of nitrogen from a 20-deg nozzle to a near
vacuum (with a throat Knudsen number of 2.3 x 10~3) is investi-
gated experimentally and computationally95 using NS and DSMC.
Consistently good agreement is found between the DSMC calcu-
lations and the pitot pressure and flow angle measurements inside
and downstream of the nozzle. Although the solution is sensitive
to the surface-interaction model, the fully diffuse wall model ap-
pears to be quite satisfactory. Pham-Van-Diep,96 Boyd et al.,97 and
Pham-Van-Diep et al.98 infer both rotational and vibrational state
populations of pure iodine vapor at a location along the symmetry
axis of an exhaust plume of ̂  flow in a wind tunnel. The population
distributions inferred are close to those of a Maxwell-Boltzmann
distribution among the 20-120th rotational levels and among the
0-4th vibrational levels at Tv = Tr > T. The data appear to sup-
port Treanor's V-V dominated model under a small anharmonicity,
although the extent to which the observed feature was influenced
by the freezing phenomena common to an expanding supersonic
nozzle flow is not clear.

Severe interference heating at a scramjet cowl lip, associated with
the Edney Type IV shock configuration,99 is analyzed by Carlson
and Wilmoth100 with DSMC calculations using 4 x 105 simulated
molecules. The peak heating rate obtained appears to be consider-
ably lower than the experimental value, q/qQ = 30.101 As the au-
thors note, the grid/cell system employed may not be adequate, and
a full NS calculation should be made for this case. Not considered is
the possibility of an unsteady flow, in which the time-averaged heat
transfer rate may substantially exceed that of a steady flow. This pos-
sibility can be analyzed with a time-accurate unsteady calculation.

Discrete simulation Monte Carlo calculations have been made
by Dogra et al.102 that are compared with hypersonic sphere drags
at low Knudsen numbers (M^ = 11-13 and Kn = 0.01-0.09) as
measured by Legge and Koppenwaller.103 The adequacy of the cell
size and the DSMC capability for describing unsteady separation in
this near-continuum range deserves further study.

DSMC calculations and experiments on plume-freestream inter-
action have been made by Campbell104; a comparison of the den-
sity distribution shows qualitative agreement. A three-dimensional
version of DSMC calculations for a delta wing105 are compared
with a Deutsch Forschungsanstalt fur Luft-und Raumfahrt wind-
tunnel experiment at Mach 8.9 and Knudsen numbers of 0.02-2.0.
Good agreement is found for the lift, drag, and surface heating
rate. However, the surface temperature is believed to be near the
freestream stagnation value in this case. The aerodynamics of a
viscous optimized waverider in the rarefied gasdynamics regime is
examined with DSMC calculations by Rault.106 With the F3 pro-
gram of Bird,107'108 Rault obtained an L/D of 0.24 at Mach 25
and 100-km altitude (Kn = 0.01). It is seen to be inferior to the
aforementioned delta wing, which has an L/D better than 0.5 even
at a Kn as large as 0.10. Interestingly, a three-dimensional DSMC
calculation made for the very blunt AFE configuration109 gave an
L/D = 0.212 at 100 km, not far from Rault's value of 0.24. Of
course, at Mach 25 and 100-km altitude, any vehicle needs little lift
since the large centrifugal force developed means that the vehicle is
nearly in a low-Earth orbit.

A more critical assessment of the DSMC method is to sample
the velocity-distribution function f ( u , v , w ) and compare this with
corresponding experimental data. Several sets of unpublished data

for argon and helium, ideal for this purpose, have been previously
obtained by E. P. Muntz for the partially integrated / within the
shock-transition zone. This result is deduced from measured inten-
sity profiles of predominantly Doppler-broadened emission lines
excited by an electron beam, known as the electron fluorescence
technique. Difficulties are encountered, however, in identifying the
precise location at which each measurement is made, owing to a
number of uncertainties related to the instrument and to the flowfield
nommiformity. Comparison studies110"112 thus serve as validation
of the experimental procedure as well, especially since a convolv-
ing calculation procedure is adopted in some cases to identify the
location that best fits a particular experimentally determined (paral-
lel or perpendicular) distribution function. In their analysis, Erwin
et al.110 use differential cross sections based on a Maitland et al.13

potential, in place of the VHS collision model, that fits experimental
viscosity data slightly better than other forms.

Two sets of predicted and experimentally deduced velocity dis-
tribution functions for a Mach 25 shock in helium are reproduced
from Pham-Van-Diep et al.111 and are shown in Fig. 3. The con-
volved parallel and perpendicular distributions

= / / f d v d w , = / / f d u d w

are drawn as solid and dashed curves, respectively, with the corre-
sponding experimental data shown as open circles and open trian-
gles. The data set of Fig. 3a are identified with a spatial location
where the number density ratio h = (n — ni)/(n2 — n\) is 0.285,
whereas the set of Fig. 3b is for a further downstream station where
h = 0.565. Similarly detailed agreement is found with helium at
MOO = 1-59 and argon at 7.18.110 These close comparisons indicate
the remarkable ability of DSMC to predict the population of scat-
tered atoms in a highly nonequilibrium state. They unmistakably
reveal the Mott-Smith114 type of bimodal distribution for /j|, which
signifies the persistent influence of the upstream and downstream
states. It remains to be seen if the VHS version of the DSMC can
also produce a similarly encouraging comparison. (A limited study
with VHS indicated general agreement with noticeable differences
only in the vicinity of the f\\ maximum.115)

Here again, the possibility of a localized, weak unsteadiness (on
the upstream side of the shock structure) has not been examined and
is lost in the long-time averaging required by the model procedure.
Time-accurate results, however, from DSMC calculations require
greater computer resources and care in programming. An example
of such DSMC solutions for a transient thermal heating problem in
one spatial dimension116'117 appears to be encouraging.

Continuum Extension to Rarefied Hypersonic Flows
The foregoing discussion demonstrates that the DSMC method

can treat problems normally handled by NS-based equations, but it
demands large and costly computer resources. For example, one of
the Carlson and Wilmoth100 DSMC calculations took 33 days on a
dedicated Sun SPARC station-2, and the three-dimensional calcula-
tion of Celenligil et al.109 needed 35 CPU hours on a CRAY-2. NS-
based solutions have proven useful in low-density hypersonic flow
studies118'119 and compare reasonably well with surface heat flux
measurements in hypersonic flows.120'121 With DSMC calculations,
it becomes possible to assess the NS-based results and other contin-
uum extensions and identify their applicability domains. This is ac-
complished, in part, by Moss and Bird,122 Gupta and Simmonds,123

Moss et al.,124 and subsequent workers, by comparing DSMC, NS,
and NS-based VSL calculations for a blunt-nose flow region. The
following discussion examines recent works on kinetic theory based
extensions of the continuum model. Several concepts used in the
discussion first need to be clarified.

Just as with the inviscid shock layer in the classical theory, the
concept of a thin shock layer may be applied to the viscous, heat
conducting flow region between the shock and the surface of a blunt
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Fig. 4 Comparisons of DSMC, VSL, FVSL, and NS calculations, a) The
temperature distribution along the stagnation streamline when RN =
1.3 m, UQO = 7.5 km/s, an altitude of 92 km, TW^W2K, and the surface
is noncatalytic (from Moss and Bird122), b) The surface heat transfer co-
efficient as a function of the Knudsen number when UQQ = 7.2—7.5 km/s
and the altitude range is 75-115 km (from Gupta and Simmonds123).

or nonslender body, provided the density level in the layer is much
higher than that in the freestream. Viscous formulations based on
a thin shock-layer approximation could be referred to as a viscous
shock-layer theory. A distinction, however, must be made between a
version that uses the viscous modified Rankine-Hugoniot relations
at the outer boundary and one that assumes inviscid shock rela-
tions. The latter version has been called VSL by Moss and Bird122

and Moss et al.124 The version with the viscous modified shock
conditions will be referred to as a fully viscous shock layer (FVSL)
to avoid unnecessary confusion. The FVSL version of the NS equa-
tions and its extension has served as the main analytical vehicle in
the former Soviet Union with which much of their nonequilibrium
high-temperature flow physics and three-dimensional studies were
carried out.5'125

Because of its resemblance to wall slip, the change in shock
boundary conditions in the FVSL formulation, which includes cor-
rections to the tangential velocity and total enthalpy, is called shock
slip by Davis,126 Moss, and others. Underlying these modified shock
conditions is the stipulation that the density in the interior of the
shock is low and comparable to the freestream level. Consequently,
the tangential components of the mass, momentum, and energy
fluxes have little effect on the balances in the normal flux compo-
nents, as long as the thickness of the shock is small compared with
the shock or body radiuses of curvature (even if the shock thick-
ness becomes comparable to the thickness of the shock layer119'127).
This implies that a shock-capturing NS solution should provide the
shock slips correctly, even when the structure of the shock is not
physically correct on a kinetic theory basis. A FVSL formulation
may therefore provide a framework where a kinetic theory basis for
a continuum extension can be found.

Examples assuming a surface with a low wall-to-stagnation tem-
perature ratio (TW/TQ <^ 1) are more relevant to hypersonic flight
than an example with a nearly insulated wall. Strong wall cooling

also makes the thin shock-layer analyses a better approximation for
FVSL, since the shock-layer density level is raised substantially.
An additional consequence of strong wall cooling is to restrict the
wall-slip influence of the FVSL and VSL formulations to a relative
order of (eT^/To)^119'127 where € is the small parameter in the
shock-layer theory and denotes the ratio of the freestream density
to a typical shock-layer density.

We shall provide examples where the degree and manner of the
various NS-based predictions differ from one another and from
DSMC calculations in the low-density regime of interest. Figure 4a,
reproduced from Moss and Bird,122 shows a comparison for the tem-
perature along the stagnation streamline when the blunt nose, with a
radius of 1.3 m, is highly cooled and noncatalytic. The VSL predic-
tion (solid line) provides a noticeably larger effective temperature
than the DSMC data (circles) at the outer part of the shock layer.
To examine shock-slip effects, a corresponding FVSL profile,118'119

with a binary reacting gas model, is shown as a dashed curve. The
viscous and heat conduction corrections at the other edge decrease
the temperature in the outer portion of the FVSL and reduce its
thickness. This figure also illustrates the extent of the DSMC shock
structure in this type of flow; it is almost twice the shock-layer thick-
ness. However, owing to a lower density level, its direct influence
on the downstream flow is limited.

Figure 4b, reproduced from Gupta and Simmond,123 shows a com-
parison of the stagnation point heat transfer coefficient Ch over a
wide range of Knudsen numbers for a nose radius of about 1.36 m.
The VSL solution (squares), without wall slip, begins to depart from
the DSMC solution (circles) above Kn = 0.025. The NS solution
without wall slip (triangles) remains close to the DSMC solution up
to Kn = 0.25, where shock-slip effects become significant. With
wall slip, the shock-capturing NS solution, which automatically ac-
counts for shock-slip effects, agrees surprisingly well with DSMC
all of the way up to Kn = 1. However, in a similar study by Lee
et al.,128 this version of the NS solution reaches the C/, = 1 limit at
Kn = 2.5 and suggests a peculiar trend of overshooting the limit
when Kn > 2.5. In a subsequent report on stagnation-point heating
predictions at AFE conditions, Gupta et al.129 found that wall-slip
effects are not significant in both the NS and VSL calculations. The
discrepancy between the VSL and NS results in the low-Reynolds-
number-range (Figs. 6-10 in Ref. 129) indicates clearly the impor-
tance of shock-slip effects that are unaccounted for in their VSL
model. In fact, their NS results closely reproduce the FVSL calcu-
lation of Cheng127 when correlated with his K2 parameter.

Kinetic Theory Basis for NS, Burnett, and the 13-Moment Equations
Early research was not successful for the improvement of the NS

description for rarefied flows by applying the 13-moment equations
of Burnett130 or Grad.131 The general belief was that these higher
order equations from kinetic theory are not able to predict when the
NS relations break down.132 This perception apparently has changed
as a result of recent CFD and DSMC calculations, notably the study
of plane shock structure by Fiscko and Chapman.133'134

The theoretical basis of the NS and Burnett equations is the
formalism of the Chapman-Enskog expansion and the successive
development for the velocity distribution function under the as-
sumption that the particle collision time, A./C (where c is the ther-
mal speed) or \JLJp, is small compared with a flow characteristic
time.72,135-137 More precisely, the requirements are

« 1, (1,7 = 1,2,3)

where ptj is a component of the deviatorical pressure tensor, and qt
is a component of the thermal heat flux.

The Burnett equations, as well as the extension to the super-
Burnett equations,138 are, therefore, strictly valid only as successive
corrections to the Euler equations appropriate to a nearly inviscid
flow (outside of boundary and shear layers). This is because in-
viscid/isentropic relations were used to simplify the Dp/;/Df and
Dqt/Dt substantial derivative terms in the final form of the consti-
tutive relations. Hence, these relations are not valid in either a fully
viscous region or a boundary layer. The formulation is more restric-
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tive than merely requiring that \ptj/p\ be small. This requirement
makes the (standard) practice of solving the full Burnett equations,
with all terms treated as equally important, conceptually difficult.
Together with this is the unresolved issue of proper boundary con-
ditions. As Schaaf and Chambre132 noted, if the Burnett system is
to be solved fully, terms of an order higher in the derivatives oc-
cur in the equations, and additional boundary conditions must be
prescribed. Thus, a nonuniqueness problem arises unless the sys-
tem possesses some special property as occurs in shock structure
studies, where a wall is not present. This issue cannot be settled by
simply demonstrating the existence of a solution. Objection to the
Burnett equations has also been raised concerning its loss of frame
invariance when applied to a rotating system.139

Grad's system of 13-moment equations is a particular set of veloc-
ity moments of the Boltzmann equation, i.e., the Maxwell transfer
equations in which closure is achieved with the help of an assumed
form of the distribution function

3/2

AijCiCj + BiCi (8)

where ft = (2RT)~l, c, is a thermal velocity component, and c2 =
c\ •+• c\ + c\. The polynomial coefficients can be identified with
stress-tensor and heat flux components as

AIJ = Pij 1
pRT' pRT 5RT

The quantity inside the square brackets of Eq. (8) is a truncated
Hermite polynomial expansion carried out for the 20th moment in
Grad's original work.131 Equation (8) turns out to be precisely the
form needed for / in the Chapman-Enskog theory for the deriva-
tion of the NS and Fourier constitutive relations and the evaluation
of the viscosity and heat conductivity coefficients. The various ptj
are symmetric; hence, the p/7-, g/, «/, and p are 13 unknowns in the
partial differential equations of the 13-moment system. These equa-
tions do not require that JJL/P or Kn = A./L be small, as long as
Eq. (8) remains adequate. More specifically, this amounts to allow-
ing nonvanishing values for

tj/p, qi/(2RT)L2 =0(1) (9)

Surprisingly, the full Burnett equations, including the usual
boundary conditions for velocity and temperature, turn out to
be derivable from Grad's 13-moment equations in the case of a
Maxwell gas for asymptotically small \JLJP or |p///p|; this is noted
by Schaaf and Chambre132 and more explicitly by Yang.140 To be
sure, Burnett's original theory actually involves a form far more
complicated and pertains to an order higher than that in Eq. (8). The
corrections for a non-Maxwell monatomic gas in both the Burnett
and 13-moment equations are believed to be rather small.133'135'140

For application to supersonic flows, the 13-moment equations fail
to yield a normal shock structure when M^ > 1.65, as is well
known.141 Consequently, the system, without modification, cannot
provide a foundation for the entire flowfield that includes the shock
structure. We later examine its applicability to the flow behind a
shock.

Burnett Equations as a CFD Model for Rarefied Hypersonic Flows
Navier-Stokes calculations are known to give inaccurate shock-

structure descriptions when compared with results from particle
simulation methods and experimental results.73'74'132 In fact, Garen
et al.142 show poor agreement between a Mach 1.06 shock structure
in argon and a corresponding NS solution. With a time-dependent,
flux-splitting technique, Fiscko and Chapman133'134 found that the
Burnett equations provide greater accuracy than the NS equations
for one-dimensional shock structure in a monatomic gas. The de-
gree of improvement over NS varies, however, depending on the
Mach number, the viscosity-temperature law, and especially the
flow quantities of interest. The encouraging agreement with particle
simulation results demonstrated in Refs. 133 and 134 suggest that
a CFD model based on the Burnett equations may provide a much
improved shock-capturing capability relative to NS, for a rarefied

hypersonic flow, where a realistic description of the shock structure
at a high temperature would be of vital aerothermodynamic interest.
Apart from the issue of surface boundary conditions, there is another
obstacle to this extension, first noted by Bobylev143 and Foch.144

Namely, the numerical solution is linearly unstable to disturbances
with wave lengths comparable to, or less than, the mean free path,
and this difficulty is believed to place a handicap on Fiscko and
Chapman's133'134 time-dependent calculations. Zhong et al.145'146

overcame this problem by adding several higher order derivative
terms to the Burnett constitutive equations. These added terms have
forms similar to certain terms at the super-Burnett level but with
different coefficients (and signs). The augmented-Burnett constitu-
tive equations for the deviatorial stress and heat-flux components
are written as

where the (1) and (2) superscripts, respectively, refer to the NS and
Burnett levels, and an (a) indicates the added terms. In the one-
dimensional case, e.g., cr^ and qf} contain terms such as

(2) RT-
Txux

and the added terms are

l±-a>,RTuxx

PP

The arbitrary values for the coefficients are taken to be o>, =
2/9, 06 = -5/8, and 01 = 11/16 in the numerical study by Zhong
et al.145 These terms, nevertheless, stabilize the Burnett equations.
Incidentally, this set may be compared with that in Ref. 147 for a
Maxwell gas, which gives #7 = —157/116 ^ 11/16. In several
cases, the augmented-Burnett results provide improved accuracy
over Fiscko and Chapman's earlier version.

Of engineering interest are the two-dimensional examples in
Zhong et al.145'146 that compare the NS, augmented-Burnett, and
particle simulation calculations. They are among the first Burnett so-
lutions to a hypersonic blunt-body problem to appear, and for which
the boundary condition issue must be addressed. The (Moo, Kn)
pairs considered are (4, 6.7 xl(T5), (10, 0.10), (10, 1.2), and (25,
0.28), and are, respectively, referred to as cases I-IV. A constant
specific heat ratio y = 1.40 is assumed, except in case IV, where
rotational relaxation is allowed in both the Burnett and the particle
simulations. However, the surface temperature assumed is not low,
being in the TW/T0 range of | to £. Here, the Burnett and NS so-
lutions share the same wall-slip boundary conditions, whereas the
corresponding surface conditions for the particle simulation calcu-
lation were not explained. Density and temperature distributions
along the stagnation streamline were obtained and compared for
cases II, III, and IV, where the differences among the three solution
sets are seen to be small, especially in the density profiles. In these
examples, even in the interior of a thick shock, where discrepancies
of the NS temperature predictions are noticeable, the NS solution
actually describes the temperature profile fairly well. This is in con-
trast to the more drastic differences between NS and Burnett shock
structures found in earlier studies.89'133'134

Figure 5, from Zhong et al.,145 compares the density and tem-
perature profiles for case IV, where the temperature profiles of the
three solutions sets are seen to be indistinguishable from one another
inside the shock layer, including near the body. This is surprising
because the FVSL parameter K2 for this case is of order unity,119

which signifies a large departure from translational equilibrium.
This result could have stemmed from the assumed Sutherland vis-
cosity law or from the particular iterative procedure used, which
avoids additional boundary conditions by extrapolating from the
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Fig. 5 Comparison along the stagnation streamline of the augmented-
Burnett, NS, and particle simulation calculations for case IV with MOO =
25, Kn = 0.28, and K2 = 0.95 (from Zhong et al.145): a) density and b) ti
slational temperature.

iran-

interior of the layer to the wall. The study shows that the Burnett
equations in this case can yield a solution that closely matches the
particle-simulation results. On the other hand, this comparison also
indicates that NS calculations can predict the shock and flow struc-
tures almost as well as the Burnett formulation. This CFD study,
however, falls short in settling the uniqueness issue, which cannot
be answered by simply demonstrating a solution's existence. For
steady Couette flow, Lee148 shows conclusively that, even with such
an extrapolation technique, the numerical solution is not unique and
depends on the initial input for the iteration.

In a subsequent study, Zhong149 proposed a set of additional wall
boundary conditions that render the numerical solution unique. This
is accomplished by assigning the normal gradient of the tangential
stress at the wall its NS value, which amounts to Schamberg's150

more systematic derivation of the wall-slip conditions, thereby de-
parting from the original intent of fully solving the nonlinear Burnett
system. A comparison with a DSMC solution for an aligned flat plate
with Kn = 0.20 shows the scheme is ineffective, since a discrep-
ancy comparable to that found with the corresponding NS solution
results.

Thirteen-Moment Equations as a Basis for FVSL Theory
As noted earlier, the use of FVSL and VSL, as well as the

full NS equations in rarefied hypersonic flow analyses, anticipates
that viscous and other molecular transport effects rank equally
with convective processes, which also implies conditions (9). The
same conditions indicate, however, a large departure from trans-
lational equilibrium, invalidating the gas-kinetic basis for the NS
and the Burnett equations. Grad's 13-moment theory, which al-
lows conditions (9), may therefore serve as a kinetic theory basis

for a viscous shock-layer analysis. Another reason for using the
13-moment equations is the absence of ambiguity in the type and
number of admissible boundary conditions at a body surface. By
considering the number of characteristics reaching the boundary,
Grad131 showed that the number and type of needed boundary con-
ditions are the same as for the NS equations. This is also confirmed
by examining the nature of the 13-moment equations in a Couette
flow.151 With scales typical of flow in a shock layer, it is possible to
express the order of magnitude of \pij/'p\ explicitly in the form of
the reciprocal of a local Reynolds number

(10)
Mo

where fa is the shock or body incidence angle, the asterisk sub-
script refers to a suitable reference condition, and x is a distance
measured from the origin. With x replaced by the nose radius RN, x
is identified with the K2 parameter in Cheng's119'127 early NS-based
theory. Thus, x or K2 controls both the shock slip and departure from
translational equilibrium. The Knudsen number Kn = Xoo/L and
V = xlM2^, commonly used in rarefied gasdynamics, are related
tox as

(11)

With scales appropriate for the shock transition zone, a thin-layer
approximation can be applied to derive the equations governing the
quasi-one-dimensional interior of the shock. They can be integrated
to arrive at the modified Rankine-Hugoniot relations that involve
the shear stress and heat flux contributions immediately behind the
shock, which are identified as shock slips. We utilize a conventional
notation, with y and v referring to the coordinate and velocity com-
ponents in the direction normal to the body surface. The shock slip
conditions are

14-1*00 = pnmi, W - Wi =

H - H00 = (upn

where m\ = pooV\ represents the component of the freestream ve-
locity normal to the surface, q2 is the normal heat flux component,
and pi2 and p32 are pressure-tensor components associated with the
(x, y) and (z, y) planes, respectively. These relations are subject to
an error of order €; they provide the outer boundary conditions for the
shock-layer flow, irrespective of the gas-kinetic model used for the
shock's interior.152 The remaining shock condition is P22 = m\v\,
where the normal pressure-tensor component P22(= P + PTI) is not
the thermodynamic pressure /?, owing to translational nonequilib-
rium.

The governing equations for the shock-layer flow behind the
shock are, to leading order, essentially the same as in the VSL
or FVSL theories, except that the constitutive relations express-
ing Pu, Pi2, P22, and q2 in terms of flow gradients are replaced
with those given by the 13-moment theory. Under the thin-layer
approximation and with the formalism of a small € familiar from
shock-layer theory, i.e., consider R/cp to be 2e, the constitutiveP ivj

151,1relations in question can be reduced to

P\2 = ~ —— M ——p °y

P32 = - —— M ——

p 3y

(12a)

(12b)

(12c)
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Fig. 6
function
DSMC results whereas the solid line is the FVSL result.

where
\ ^

_
3PrP22p8y P »*I\

22 p By) (12d)

The previous expressions differ from the corresponding NS rela-
tions mainly in the appearance of the common factor P22/p, which
is determined by a nonlinear relation, Eq. (12d). It is, in fact, through
p, not P22, that translational nonequilibrium alters the dynamics and
thermodynamics of a viscous shock layer. Except for the rightmost
term of the last equation, the previous constitutive relations involve
derivatives of u and T no higher than first order and differ from those
in the Burnett theory. The last term in Eq. (12d) is a higher order con-
tribution identified as a thermal stress72 and is included because of
its relatively large coefficient and interesting physical significance.
To complete the formulation, we apply wall-slip equations from
Grad's wall model, suitably simplified in a manner consistent with
Eqs. (11) and (12). These wall-slip effects, however, can influence
the shock flow, at most to the relative order (€TW/TQ) 2 , as indicated
earlier. Wall-slip effects have been demonstrated to be negligibly
small, even for exceptionally large accommodation coefficients.153

The previous observation about the nonequilibrium influence
through the P22/p ratio indicates the possibility of correlating a
kinetic-based shock-layer flow with a NS-based flow. A key obser-
vation is the recognition that the reciprocal of the density p, or of
p, always appears in a product together with a normal d/dy deriva-
tive, both in the governing differential equations and in the outer
boundary conditions that involve shock slip. The € or p may then
be eliminated with the use of Dorodnitsyn or von Mises variables.
The governing equation system is thus transformed to a NS-based
system, with slightly different wall-slip boundary conditions. The
latter is inconsequential for the strongly cooled surface of interest.
This correlation principle holds for the tangential velocity com-
ponents and the enthalpy, and, consequently, for the temperature,

the major stress components pi2 and p23, and the heat flux q2. A
consequence is that the skin friction and surface heating rate are
predictable from the NS-based equations. They are unaffected by
translational nonequilibrium, to leading order, although the stream-
line pattern and shock-layer thickness are accordingly displaced.
This version of the theory therefore provides a kinetic theory basis
for explaining the rather good agreement of the NS-based FVSL
analyses with heat transfer measurements discussed earlier for low-
density hypersonic flows.118'] 19 It was called to the authors' attention
that a thin-layer version of the constitutive relations, similar to Eqs.
(12), had been derived from the 13-moment equations by Kuznetsov
and Kikol'skii,154 but their development stops short in recognizing
the correlation principle that allows a unique connection to NS so-
lutions and that is the main concern here.

Figure 6, reproduced from Wong,155 compares the DSMC and
FVSL solutions for the velocity and total enthalpy profiles in a
shock layer over a 10-m-long, flat, windward surface at an inci-
dence of a = 20 deg, where dimensionless von Mises variables
(T/T, x) are utilized. The study assumes the flow of a Maxwell gas at
MOO = 24.6, a chord Reynolds number Re^ = 300/m, a speed of
7.5 km/s at an ambient temperature and density of a standard atmo-
sphere at 100 km, and a highly cooled surface with TW/TQ = 0.036.
Results are shown at two x stations, where x = 1 and 2. In spite of
the parameter e equalling | for a monatomic gas, the comparison
shows reasonable agreement with, and substantiates, the correla-
tion principle. With this principle, the nonequilibrium profiles vs
a dimensionless y coordinate can be predicted with similar suc-
cess. Cases are compared at incidence angles of 30 and 40 deg
with comparable results, although the 40-deg case is less satisfac-
tory because of the failure of the FVSL description near the leading
edge, which causes an appreciable discrepancy in the downstream
shock layer.

Wong's155 study confirms the important dimensionless variables
x and P22/p [see Eqs. (10) and (12d)] that control the FVSL fluid
dynamics. Although P22/p is expected to approach unity far down-
stream, where x -> oo, there also exists an x range of unit or-
der where this parameter remains quite close to unity. In this case,
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Fig. 7 Correlation of DSMC and NS-based calculations with the FSVL analysis for the surface heating rate on the compression side of a flat plate as
a function of a rescaled Reynolds number je, given by Eq. (10). The plate is at a 40-deg incidence angle, is highly cooled (TW/T$ = 0.04), t/oo = 7.5
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Fig. 8 Correlation of the lift-to-drag ratio of planar lifting surfaces at a 40-deg incidence angle in a standard atmosphere for two-dimensional
FVSL, DSMC, and three-dimensional FVSL results as a function of x. The symbols are for 10 planforms computed by a strip method based on
three-dimensional FVSL theory in which the span-averaged chord varies from 0.47 to 19.19 m.

the physical structure of the entire shock layer is unaffected by a
large departure from translational equilibrium, to within an error of
0(€).155

Cheng et al.151'152'156 (also see Cheng157) studied the generic lift-
ing surface problem of a flat plate at an attack angle of 40 deg
in a rarefied hypersonic flow. Solutions based on FVSL, parabo-
lized (thin-layer) NS, and time-accurate NS calculations are com-
pared with corresponding DSMC computations.102'158 Examples in-
clude a monatomic Maxwell gas and a diatomic gas model with
y = 1.40 and Pr = 0.72 (which implies a fast rotation-translation
energy transfer), and cases with different viscosity-temperature re-
lations, wall temperatures, and wall-slip models. Although some of
the DSMC air data are generated from a code that allows internal
excitation and chemical reactions, the latter effects on aerothermo-
dynamics are negligible even at a flow speed of 7.5 km/s, because
of the high degree of gas rarefaction at altitudes of 90-130 km. The
coefficients of heat transfer and skin friction, C/, and C/, from three
sets of DSMC data and six sets of NS-based results, each with differ-
ent MOO, ^£» and viscosity laws, are determined over a wide range,
0.2-10, of jc. The range increases to 10~3 through 10 if the DSMC

data near the collision-free limit are included. Figure 7 presents the
Ch correlation as a function of Jc. Even though a perfect Reynolds
analogy is not expected, the corresponding correlation for C/ turns
out to be almost indistinguishable from that in Fig. 7, except for a
portion of the DSMC calculation at a 100-km altitude, which defies
explanation.

The lift-to-drag ratio of a plate at 40-deg incidence is computed
from the integrated normal and tangential forces on the windward
side and are reproduced in Fig. 8 from Cheng et al.152 The two-
dimensional FVSL results (solid curves) agree exceedingly well
with the Dogra and Moss158 DSMC calculations for a 1-meter plate
(in open circles with slashes) over the entire x range (2 x 10~2

through 15). Also included as a solid curve is the L/D computed
for a plate at a 20-deg angle of attack. Of interest are L/D val-
ues computed for 10 widely different planforms based on the two-
dimensional distributions of skin friction and normal force (repro-
duced from Cheng159). These calculations use a version of the strip
method, which is a result of the three-dimensional FVSL theory
for a flat-bottomed surface.152'156 When the distance x in the two-
dimensional problems is taken to be the span-averaged chord, the
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10 L/D values fall in the vicinity of the strictly two-dimensional
results. This is surprising because, as altitude or Knudsen number
increases, the planform shape is expected to strongly affect the skin
friction, hence the L/D. This insensitivity of the L/D on plan-
form shape indicates a way to identify the bridging function for
planar lifting surfaces,75'160"162 which is provided here by the two-
dimensional data for an inclined plate.

The thin-layer version of the constitutive relations, Eqs. (12), may
also be adapted to convert the parabolized NS system, discussed in
Ref. 1, to rarefied flow applications. The flows over an aligned flat
plate and on the lee side of a flat surface, where the rarefaction is
extreme, remain as examples from which still more can be learned
from a critical comparison of continuum-extension and particle-
simulation calculations.

Concluding Remarks
This Survey discusses two related major areas of hypersonic flow

research. Both topic areas are central to the study of highly nonequi-
librium flow physics and aerothermodynamics that are important in
atmospheric re-entry and for sustained hypersonic flight. The basic
physics and fluid dynamics, however, are also important in other
areas that are not discussed, such as scramjet engines and ram ac-
celerators.

The first topic focused on the description of the internal state of
diatomics, particularly air or its reactive derivatives. Although sig-
nificant progress has been made in recent years, uncertainty still re-
mains in modeling the intermolecular and internuclear potentials as
well as inelastic collisions. Radiative processes are also still uncer-
tain. These difficulties remain as obstacles to adequate quantitative
predictions of heat transfer and skin friction. As has been pointed
out, the internal states at high temperature not only significantly
affect the internal energy of the flow but may have additional "real-
gas" effects, such as altering the transport properties. These effects,
in turn, make the high-temperature prediction of flow instability and
turbulence transition uncertain.

Progress has been made in the modeling of viscous, rarefied hy-
personic flow, which also involves a significant degree of transla-
tional nonequilibrium. At sufficiently high relative speeds, the gas
may be chemically reactive and possess nonequilibrium internal
modes, as many DSMC air calculations have indicated. Again, there
is no shortage of unresolved critical issues involving nonequilibrium
flow physics and their modeling strategies.

The pace of progress in both topic areas is limited, to a large extent,
by the difficulty in obtaining experimental data. Here, too, progress
is being made in high-enthalpy flow simulations,9'163'164 as well
as nonequilibrium gas-state diagnostics in low-density hypersonic
flows.9'97'98
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